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Abstract

On a compact Riemannian manifold M with a transverse spin foliation F of codimension q ≥ 3, if M admits a non-trivial basic
harmonic 1-form ω, then any eigenvalue λ of the basic Dirac operator satisfies the inequality λ2

≥
q−1

4(q−2) infM (σ
∇

+|κ|2), where

σ∇ is the transversal scalar curvature and κ is the mean curvature form of F . In the limiting case, F is minimal and ω is parallel.
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1. Introduction

Let (M, gM ,F) be a compact Riemannian manifold with a transverse spin foliation F of codimension q and a
bundle-like metric gM . In 2001, Jung [5] proved that any eigenvalue λ of the basic Dirac operator Db satisfies the
inequality

λ2
≥

q
4(q − 1)

inf
M

K σ , (1.1)

where K σ
= σ∇

+ |κ|2, σ∇ is the transversal scalar curvature and κ is the mean curvature form of F . In the limiting
case, the foliation is minimal, transversally Einsteinian with constant transversal scalar curvature and there is no non-
trivial basic harmonic 1-form. This means that on a transverse spin foliation admitting a non-trivial basic harmonic
1-form, there exists a sharper estimate than (1.1). Namely,

Theorem 1.1. Let (M, gM ,F) be a compact Riemannian manifold with a transverse spin foliation F of codimension
q ≥ 3 and a bundle-like metric gM such that ∆Bκ = 0. Assume that K σ > 0. If M admits a non-trivial basic
harmonic 1-form ω of constant length, then any eigenvalue λ of the basic Dirac operator Db satisfies

λ2
≥

q − 1
4(q − 2)

inf
M

K σ . (1.2)

In the limiting case, F is minimal and ω is parallel.
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In the case of foliations by points, Theorem 1.1 is given by Moroianu and Ornea [10]. Recently, Habib [4] proved
lower bounds for the eigenvalues of the basic Dirac operator on a Kähler spin foliation.

2. The generalized Weitzenböck formula

Let (M, gM ,F) be a (p + q)-dimensional Riemannian manifold with a transverse spin foliation F of codimension
q and a bundle-like metric gM with respect to F (see [3,5,9] for foliation and [1,2,7] for spin case). We recall the exact
sequence

0 → L → T M
π
→ Q → 0 (2.1)

determined by the tangent bundle L and the normal bundle Q = T M/L of F . The assumption of gM being a bundle-
like metric means that the induced metric gQ on the normal bundle Q ≡ L⊥ satisfies the holonomy invariance
condition θ(X)gQ = 0 for all X ∈ Γ L , where θ(X) denotes the Lie derivative with respect to X . The transversal
Levi–Civita connection ∇ is given by

∇X s =

{
π([X, Ys]) ∀X ∈ Γ L
π(∇M

X Ys) ∀X ∈ Γ L⊥,
(2.2)

where Ys ∈ Γ L⊥ corresponding to s under the canonical isomorphism L⊥ ∼= Q. Let R∇ , ρ∇ and σ∇ be respectively
the curvature tensor, the transversal Ricci operator and the transversal scalar curvature of F . The foliation F is said
to be (transversally) Einsteinian if

ρ∇
=

1
q
σ∇

· id (2.3)

with constant transversal scalar curvature σ∇ . The mean curvature form κ for L is given by

κ(X) = gQ

(
p∑

i=1

π(∇M
Ei

Ei ), X

)
∀X ∈ Γ Q, (2.4)

where {Ei }i=1,...,p is a local orthonormal basis of L . Let Ωr
B(F) be the space of all basic r -forms, i.e., φ ∈ Ωr

B(F) if
and only if i(X)φ = 0 and θ(X)φ = 0 for any X ∈ Γ L , where i(X) is an interior product. F is said to be minimal
(resp. isoparametric) if κ = 0 (resp. κ ∈ Ω1

B(F)). It is well-known [11] that if F is isoparametric on a compact
manifold, κ is closed, i.e., dκ = 0. The basic Laplacian 1B acting on Ω∗

B(F) is defined by

1B = dBδB + δBdB, (2.5)

where δB is the formal adjoint of dB = d|Ω∗
B (F), which are locally given [5] by

dB =

∑
a

Ea
∧ ∇Ea , δB = −

∑
a

i(Ea)∇Ea + i(κ]), (2.6)

where κ] is the gQ-dual vector of κ , {Ea}a=1,...,q is a local orthonormal basic frame on Q and Ea is its gQ-dual
1-form. Then we have the following generalized Weitzenböck formula.

Theorem 2.1. Let (M, gM ,F) be a Riemannian manifold with a foliation F of codimension q and a bundle-like
metric gM . Then the generalized Weitzenböck formula is given by the following: for any basic form φ ∈ Ωr

B(F)

1Bφ = ∇
∗
tr∇trφ + Aκ](φ)+ F(φ), (2.7)

where

∇
∗
tr∇trφ = −

∑
a

∇Ea ∇Eaφ + ∇κ]φ, (2.8)

Aκ](φ) = θ(κ])φ − ∇κ]φ, (2.9)

F(φ) =

∑
a,b

Ea
∧ i(Eb)R∇(Eb, Ea)φ. (2.10)
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In particular, if φ is a basic 1-form, then F(φ) = ρ∇(φ]).

Proof. Fix x ∈ M . Let {Ea} be a local orthonormal basic frame for Q satisfying (∇Ea)x = 0 and {Ea
} its gQ-dual

basis. Then for any basic form φ ∈ Ωr
B(F), (2.6) implies

dBδBφ = −

∑
a,b

Ea
∧ i(Eb)∇Ea ∇Ebφ + dB i(κ])φ,

δBdBφ = −

∑
a

∇Ea ∇Eaφ +

∑
a,b

Ea
∧ i(Eb)∇Eb∇Eaφ + i(κ])dBφ.

Summing the above two equations, we have

1Bφ = θ(κ])φ −

∑
a

∇Ea ∇Eaφ +

∑
a,b

Ea
∧ i(Eb)R∇(Eb, Ea)φ,

which proves (2.7). On the other hand, let φ be a basic 1-form and φ] its gQ-dual vector. Then we have

gQ(F(φ), Ec) =

∑
b

gQ(R∇(φ], Eb)Eb, Ec) = gQ(ρ
∇(φ]), Ec).

This yields that for any basic 1-form φ, F(φ) = ρ∇(φ]). �

It is well-known [5] that the operator ∇
∗
tr∇tr is non-negative and formally self-adjoint, that is,∫

M
gQ(∇

∗
tr∇trφ,ψ) =

∫
M

gQ(∇trφ,∇trψ) (2.11)

for all φ,ψ ∈ Ωr
B(F), where gQ(∇trφ,∇trψ) =

∑q
a=1 gQ(∇Eaφ,∇Eaψ).

Corollary 2.2. Let (M, gM ,F) be a compact Riemannian manifold with a foliationF of codimension q and a bundle-
like metric gM . Then for any basic harmonic r-form φ ∈ Ωr

B(F)

−
1
2
∆B |φ|

2
= |∇trφ|

2
+ gQ(Aκ](φ), φ)+ gQ(F(φ), φ). (2.12)

3. Eigenvalue estimate for basic Dirac operator

Let (M, gM ,F) be a compact Riemannian manifold M with a transverse spin foliation F of codimension q and
a bundle-like metric gM such that 1Bκ = 0. The existence of such a metric is assured from [8,9]. Let S(F) be a
foliated spinor bundle on a transverse spin foliation F and 〈·, ·〉 a hermitian scalar product on S(F). By the Clifford
multiplication “·” in the fibers of S(F) for any vector field X ∈ Q and any spinor field Ψ ∈ S(F), the Clifford
product X · Ψ ∈ S(F) is well-defined. This product has the following properties: for any X, Y ∈ Γ Q, Z ∈ Γ T M
and Φ,Ψ ∈ Γ S(F),

(X · Y + Y · X)Ψ = −2gQ(X, Y )Ψ (3.1)
〈X · Ψ ,Φ〉 + 〈Ψ , X · Φ〉 = 0 (3.2)

∇
S
Z (X · Ψ) = (∇Z X) · Ψ + X · (∇S

ZΨ), (3.3)

where ∇
S is a metric covariant derivation on S(F), i.e., for any X ∈ Γ T M and Ψ ,Φ ∈ Γ S(F), it holds that

X〈Ψ ,Φ〉 = 〈∇
S
XΨ ,Φ〉 + 〈Ψ ,∇S

XΦ〉. (3.4)

From now on, we write ∇ instead of ∇
S . Moreover if we define the Clifford product ξ · Ψ of a 1-form ξ ∈ Q∗ and a

spinor field Ψ as

ξ · Ψ ≡ ξ ] · Ψ , (3.5)
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where ξ ] ∈ Q is a gQ-dual vector of ξ , then any basic r -form can be considered as an endomorphism of S(F). The
curvature transform RS on S(F) is given [5,7] as

RS(X, Y )Ψ =
1
4

∑
a,b

gQ(R∇(X, Y )Ea, Eb)Ea · Eb · Ψ , ∀X, Y ∈ Γ T M. (3.6)

Then we have the following proposition.

Proposition 3.1 ([5]). On the transverse spin foliation F , we have the following: for any spinor Ψ ∈ Γ S(F)∑
a<b

Ea · Eb · RS(Ea, Eb)Ψ =
1
4
σ∇Ψ , (3.7)

∑
a

Ea · RS(X, Ea)Ψ = −
1
2
ρ∇(X) · Ψ , ∀X ∈ Γ Q. (3.8)

The transversal Dirac operator Dtr acting on sections of S(F) is locally given by [3,5,6]

DtrΨ =

∑
a

Ea · ∇Ea Ψ −
1
2
κ · Ψ , (3.9)

where {Ea}a=1,...,q is a local orthonormal basic frame in Q.

Proposition 3.2 ([3,5]). On an isoparametric transverse spin foliation F with δBκ = 0, the Lichnerowicz type
formula is given by

D2
trΨ = ∇

∗
tr∇trΨ +

1
4

K σΨ , (3.10)

where K σ
= σ∇

+ |κ|2.

At any point x ∈ M , we choose normal coordinates at this point so that (∇Ea)(x) = 0 for all a. From now on, all the
computations in this paper will be made in such charts.

Lemma 3.3. Let (M, gM ,F) be a Riemannian manifold with a transverse spin foliation F and a bundle-like metric
gM . Then for any basic harmonic 1-form ω ∈ Ω1

B(F)

Dtr(ω · Ψ) = −ω · DtrΨ − 2∇ω]Ψ . (3.11)

Proof. For any spinor Ψ , a simple calculation gives

Dtr(ω · Ψ) = −

∑
a
ω · Ea · ∇Ea Ψ − 2∇ω]Ψ +

1
2
ω · κ · Ψ + (dBω + δBω − i(κ])ω)Ψ + gQ(κ, ω)Ψ

= −ω · DtrΨ − 2∇ω]Ψ + (dBω + δBω)Ψ .

Since ω is a basic harmonic 1-form, dBω = δBω = 0. Hence the proof is completed. �

Now, we define the subspace ΓB S(F) of basic or holonomy invariant sections of S(F) by

ΓB S(F) = {Ψ ∈ Γ S(F)|∇XΨ = 0,∀X ∈ Γ L}.

Then we see that Dtr leaves ΓB S(F) invariant if and only if κ ∈ Ω1
B(F). Let Db = Dtr|ΓB S(F) : ΓB S(F) → ΓB S(F).

This operator Db is called the basic Dirac operator on (smooth) basic sections. It is well-known [3] that Db and D2
b

have discrete spectrums on M .
Assume that ω ∈ Ω1

B(F) is a basic harmonic 1-form of unit length. Then we define the operator Ttr : Q ⊗ S(F) →

S(F) as

TXΨ = ∇XΨ +
1

q − 1
X · DtrΨ −

1
q − 1

ω(X)ω · DtrΨ − ω(X)∇ω]Ψ (3.12)
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for any X ∈ Γ Q and Ψ ∈ S(F). By a direct calculation, we have

|TtrΨ |
2

= |∇trΨ |
2
−

1
q − 1

|DtrΨ |
2
− |∇ω]Ψ |

2
−

1
q − 1

Re〈κ · Ψ , DtrΨ 〉

−
2

q − 1
Re〈∇ω]Ψ , ω · DtrΨ 〉. (3.13)

On the other hand, Lemma 3.3 implies

|Dtr(ω · Ψ)|2 = |ω · DtrΨ |
2
+ 4|∇ω]Ψ |

2
+ 4 Re〈ω · DtrΨ ,∇ω]Ψ 〉. (3.14)

Hence (3.13) and (3.14) yield

|TtrΨ |
2

= |∇trΨ |
2
−

1
q − 1

|DtrΨ |
2
−

q − 3
q − 1

|∇ω]Ψ |
2
−

1
q − 1

Re〈κ · Ψ , DtrΨ 〉

−
1

2(q − 1)
{|Dtr(ω · Ψ)|2 − |ω · DtrΨ |

2
}.

By integrating the above equation with the Lichnerowicz type formula (3.10), we get∫
M

|TtrΨ |
2

=
q − 2
q − 1

∫
M

|DtrΨ |
2
−

1
4

∫
M

K σ
|Ψ |

2
−

q − 3
q − 1

∫
M

|∇ω]Ψ |
2

−
1

2(q − 1)

∫
M

{|Dtr(ω · Ψ)|2 − |ω · DtrΨ |
2
} −

1
q − 1

∫
M

Re〈κ · Ψ , DtrΨ 〉.

Let DbΨ1 = λ1Ψ1, where λ1 is the first eigenvalue of Db. Since 〈Ψ1, X · Ψ1〉 is pure imaginary, the last term in the
above equation is zero. Hence we have∫

M
|TtrΨ1|

2
+

q − 3
q − 1

∫
M

|∇ω]Ψ1|
2
+

1
2(q − 1)

∫
M

{|Db(ω · Ψ1)|
2
− |ω · DbΨ1|

2
}

=

∫
M

(
q − 2
q − 1

λ2
1 −

1
4

K σ

)
|Ψ1|

2. (3.15)

On the other hand, the Rayleigh inequality implies that for every spinor field Φ

λ2
1 ≤

∫
M |DbΦ|

2∫
M |Φ|2

.

This means that for Φ = ω · Ψ1∫
M

|Db(ω · Ψ1)|
2

≥ λ2
1

∫
M

|ω · Ψ1|
2

=

∫
M

|ω · DbΨ1|
2. (3.16)

From (3.16), the left hand side of (3.15) is non-negative if q ≥ 3. This implies the following theorem.

Theorem 3.4. Let (M, gM ,F) be a compact Riemannian manifold with a transverse spin foliation F of codimension
q ≥ 3 and a bundle-like metric gM such that ∆Bκ = 0. Assume K σ > 0. If M admits a non-trivial basic harmonic
1-form ω of constant length, then any eigenvalue λ of Db satisfies

λ2
≥

q − 1
4(q − 2)

inf
M

K σ . (3.17)

4. The limiting case

Now, we study the limiting case of (3.17). Let Ψ1 be the eigenspinor corresponding to λ1 =
q−1

4(q−2) inf K σ (q ≥ 3).
From (3.15), Ψ1 satisfies the following equation

TtrΨ1 = 0. (4.1)
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Equivalently, we have

∇XΨ1 = −
λ1

q − 1
X · Ψ1 +

λ1

q − 1
ω(X)ω · Ψ1 + ω(X)∇ω]Ψ1. (4.2)

We investigate the limiting case when q > 3 and when q = 3 because of (3.15).
Case (I) When q > 3. From (3.15), we get directly

∇ω]Ψ1 = 0. (4.3)

From (4.2) and (4.3), we have that for any X ∈ Q

∇XΨ1 = −
λ1

q − 1
X · Ψ1 +

λ1

q − 1
ω(X)ω · Ψ1. (4.4)

Taking Clifford multiplication of (4.4) with Ea yields

κ · Ψ1 = 0, (4.5)

which implies κ = 0, i.e., F is minimal.
Now, we compute

∑
a Ea · RS(X, Ea)Ψ1. From (4.4), we have that for any X, Y ∈ Γ Q(

q − 1
λ1

)2

∇X∇Y Ψ1 = {Y · X − ω(Y )ω(X)− ω(X)Y · ω − ω(Y )ω · X} · Ψ1

−
q − 1
λ1

{∇X Y − ω(∇X Y )ω − (∇Xω)(Y )ω − ω(Y )∇Xω} · Ψ1. (4.6)

Hence from (4.6) we have(
q − 1
λ1

)2

RS(X, Y )Ψ1 = {(Y · X − X · Y )+ ω(X)(ω · Y − Y · ω)+ ω(Y )(X · ω − ω · X)} · Ψ1

+
q − 1
λ1

{(∇Xω)(Y )− (∇Yω)(X)+ ω(Y )∇Xω − ω(X)∇Yω} · Ψ1. (4.7)

Since ω is a basic harmonic form and κ = 0, we have
∑

a Ea · ∇Eaω = 0. Hence (4.7) implies(
q − 1
λ1

)2∑
a

Ea · RS(X, Ea)Ψ1

= 2q{−X + ω(X)ω} · Ψ1 +
q − 1
λ1

{
∇Xω −

∑
a
(∇Eaω)(X)Ea + ω · ∇Xω

}
· Ψ1. (4.8)

Since ω has a unit length, (∇Eaω)(ω
]) = 0. Hence (4.8) gives

(q − 1)/λ1
∑

a
Ea · RS(ω], Ea)Ψ1 = {∇ω]ω + ω · ∇ω]ω} · Ψ1. (4.9)

On the other hand, we have that for any Y ∈ Γ Q

(dBω)(ω
], Y ) = ω]ω(Y )− Yω(ω])− ω([ω], Y ])

= (∇ω]ω)(Y ),

because gQ(ω
],∇Yω

]) = 0 for all Y . Hence dBω = 0 yields

(∇ω]ω)(Y ) = 0 ∀Y ∈ Q, (4.10)

which means ∇ω]ω = 0. Therefore (3.8) and (4.9) imply

ρ∇(ω]) = 0. (4.11)
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Since ω is a basic harmonic 1-form and κ = 0, Corollary 2.2 and (4.8) imply that ω is parallel.
Case (II) When q = 3. By a direct calculation, (4.2) yields

1
2
κ · Ψ1 = ω · ∇ω]Ψ1. (4.12)

From (4.12), it is trivial that ∇ω]Ψ1 = −
1
2ω · κ · Ψ1. Hence (4.2) gives that for any X ∈ Q

∇XΨ1 = −
1
2
{λ1 X − λ1ω(X)ω − ω(X)ω · κ} · Ψ1. (4.13)

Therefore (4.13) implies that for any X, Y ∈ Γ Q

∇Y ∇XΨ1 = λ2
1/4{X · Y − ω(Y )X · ω − ω(X)ω · Y − ω(X)ω(Y )} · Ψ1

− λ1/2
{
∇Y X − (∇Yω)(X)ω − ω(∇Y X)ω − ω(X)∇Yω +

1
2
ω(Y )X · ω · κ

+
1
2
ω(X)ω · κ · Y +

1
2
ω(X)ω(Y )κ −

1
2
ω(X)ω(Y )ω · κ · ω

}
· Ψ1

+
1
2

{
(∇Yω)(X)ω · κ + ω(∇Y X)ω · κ + ω(X)∇Y (ω · κ)+

1
2
ω(X)ω(Y )(ω · κ)2

}
· Ψ1. (4.14)

Since ω · κ · X − X · ω · κ = 2ω(X)κ − 2κ(X)ω for X ∈ Γ Q, we have from (4.14)

RS(Y, X)Ψ1 = λ2
1/2{X · Y + gQ(X, Y )− ω(Y )X · ω + ω(X)Y · ω} · Ψ1

− λ1/2{(∇Xω)(Y )ω − (∇Yω)(X)ω + ω(Y )∇Xω − ω(X)∇Yω

+ω(Y )κ(X)− ω(X)κ(Y )} · Ψ1

+
1
2
{ω(X)∇Y (ω · κ)− ω(Y )∇X (ω · κ)+ (∇Yω)(X)ω · κ − (∇Xω)(Y )ω · κ} · Ψ1. (4.15)

Since ω is a basic harmonic 1-form,
∑

a Ea · ∇Eaω = −i(κ])ω. Hence (4.15) implies

2
∑

a
Ea · RS(Y, Ea)Ψ1 = λ2

{ω(Y )ω − Y }Ψ1

− λ

{
ω(Y )κ · ω + κ(Y )+

∑
a
(∇Eaω)(Y )Ea · ω − ω(Y )ω(κ])

}
· Ψ1

−

{
∇Y κ + ω(Y )

∑
a

Ea · ∇Ea (ω · κ)+

∑
a
(∇Eaω)(Y )Ea · ω · κ

}
· Ψ1. (4.16)

Since
∑

a Ea · ∇Ea (ω · κ) = −gQ(ω, κ)κ + |κ|2ω − 2∇ω]κ , (4.16) with Y = ω] yields

2
∑

a
Ea · RS(ω], Ea)Ψ1 = {−λ1κ · ω + ∇ω]κ + gQ(ω, κ)κ − |κ|2ω} · Ψ1. (4.17)

From (3.8), we have

〈{ρ∇(ω])+ ∇ω]κ + gQ(ω, κ)κ − |κ|2ω} · Ψ1,Ψ1〉 = λ1〈κ · ω · Ψ1,Ψ1〉. (4.18)

Since 〈X · Ψ1,Ψ1〉 is pure imaginary, the left hand side in (4.18) is pure imaginary. Hence the real part of the right
hand side in (4.18) is also zero. That is,

Re〈κ · ω · Ψ1,Ψ1〉 = −gQ(ω, κ)|Ψ1|
2

= 0, (4.19)

which means ω(κ]) = gQ(ω, κ) = 0. Hence from (4.13) we have

∇κ]Ψ1 = −
1
2
λ1κ · Ψ1. (4.20)
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From Lemma 3.3 and (4.20), we have

Dtr(κ · Ψ1) = 0. (4.21)

From the Lichnerowicz type formula (3.10), if K σ
≥ 0 and >0 at some point x ∈ M , then KerDtr = {0}. Hence

(4.21) implies

κ · Ψ1 = 0, i.e., κ = 0. (4.22)

Since κ = 0, (4.17) implies that ρ∇(ω]) = 0. From Corollary 2.2, ω is parallel.
Hence from the two cases, we have the following theorem.

Theorem 4.1. Under the same condition as in Theorem 3.4, if there exists an eigenspinor field Ψ1 of the basic Dirac
operator Db for the eigenvalue λ2

1 =
q−1

4(q−2) infM K σ , then F is minimal and ω is parallel.
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